In classical potential theory on the plane, two important kernels are considered: the hyperbolic kernel log(| 1-ζz |/| z-ζ |) on I z I < 1 and the logarithmic kernel log (1/| z -ζ |) on \z\ < + oo. The former is extended to a general open Riemann surface of positive boundary as the Green's kernel.
Positive singularities* Throughout this note, we denote by
R an open Riemann surface of null boundary, i.e., iϋeO^cf. AhlforsSario [1] ). We denote by R the one point compactification of Alexandroff and by oo the point at infinity, i.e., R = R U {<*>} (cf. Kelly [4] ).
Let qeR.
A positive singularity (or more precisely, normalized positive singularity) l q at q is a positive harmonic function in a punctured open neighborhood V(l q )aR (i.e., V(l q ) U {q} is an open neighborhood of q in R) such that for a (and hence for all) simple analytic curve a c V(l q ) which is the boundary of a neighborhood of q and is positively oriented with respect to this neighborhood. Here *dl q is the conjugate differential of dl q 126 MITSURU NAKAI ). Two singularities l q and Γ q at qeR are said to be equivalent if l q -l[ is bounded in a punctured neighborhood of q. LEMMA 1. There exists a positive singularity l q for every qeR. All l q are equivalent by pairs for each fixed qeR.
In fact, let qeR and {£/, z} be a parametric disk at q, i.e., U is a neighborhood of q and z a conformal mapping of U onto {\z\ < 1} with z(q) = 0. Then l q {p) = log (1/| s(p) |) on F(O = ί7 -{q} is a positive singularity at q. Let ij be another positive singularity at q. Denote by p = p(z) the inverse mapping of z = z(p), and assume that l q (p(z) ) is defined and positive in {0 < | z \ < r} (0 < r < 1). Let *lq (P( z ) ) be the multiple-valued conjugate of V q (p{z)) on {0 < | z \ < r}, and consider f(z) = e{l ' q {p{z))+i * ι ' q {p{z))) .
In view of (2) \ *dl' q = -2π(a = p(\z\ = r')) for every 0 < r < r\ Hence /(z) is single-valued in {0 < | z \ < r}. It is also bounded, since l q (p(z)) > 0. Therefore f(z) can be continued to all of {\z\ < r). Thus we can find a bounded analytic function φ(z) in {| z I < r} with ^(0) ^ 0 and /(«) = z n φ(z) (n = 1, 2, -). Hence iί(^)) = -log I /(*) I = -rc log I s I -log I 9>(s) I
Clearly log | φ(z) \ is harmonic in some {| z \ < r"} (0 < r" < r), and thus (2) implies that n = 1. Therefore ΪJ -l q is bounded in a neighborhood of g. For the existence of a positive singularity L at oo, see Kuramochi [5] , Nakai [6] , or Sario-Noshiro [15] .
There can exist two or more nonequivalent singularities at oo. For example, let R = {| z \ < + oo} -{0} and H(z) = λ log (1/| z |)(0 < I z |< 1), (1 -λ)log I z I (I z I > 1). Since {0 < | s |< 1} U {1 < I s |< + <*>} is a neighborhood of the Alexandroff point oo at infinity for R, all ϊi(0 < λ < 1) are positive singularities at oo, but the II -lί are not bounded in any neighborhood of oo if x Φ χ\ 2. Existence of Evans 5 kernel*
The logarithmic kernel log (1/1 3 -ζ|) on the plane P = {|^|<+oo}isa harmonic function in z on P -{ζ} which possesses positive and negative singularities at ζ and oo, respectively, and is symmetric on P x P. Having these in mind, we generalize the logarithmic kernel to an arbitrary open Riemann surface of null boundary as follows:
DEFINITION. An Evans' kernel e(p, q) on R is a mapping of R x R onto (-00, +00] satisfying the following four conditions: p, q) , as a function of p, is a positive singularity at g, (c) -e(p, g), as a function of p, is a positive singularity at 00, and -e(p, q) and -e(p, q f ) are equivalent for every pair (g, q')eR x R, (d) e(p, g) is symmetric, i.e., e(p, q) = e(g, p) on i? x R.
The condition (b) means that there exists a positive singularity l q at g such that
in a punctured neighborhood F(Z ff ) of g, where Λ g is a harmonic function on F(^) U {g}. Since Z f f is unique up to the equivalence, (3) has a definite meaning. The condition (c) means that there exists a positive singularity ?«, at 00 independent of q such that sup h q < + 00 and
on R outside a compact set K q c i?. The existence of a function satisfying (a), (b), and (c) is known (Evans [2] , Selberg [16] , Noshiro [10] , Kuramochi [5] , and Nakai [6] ; see also ). Such a function is usually called an Evans-Selberg's potential. Actually for each fixed qeR, a function p(p, q) with (a), (b), and (c) is obtained from -L and l q by the main existence theorem of Sario [11] (see p. 154] ). Thus the problem is to find a function k(p) on R such that
for every p,qeR.
Instead of seeking such a k{p), however, we will prove the theorem in §3 and §4 by an indirect procedure.
3. Let g 0 be an arbitrary but then fixed point in R. Consider open sets ( 5 ) R n = {p\peR, p{p, g 0 ) > -n) for each positive integer n. By (c), we conclude that R n is compact in R. By the maximum principle, we also infer that R n is connected. Clearly the relative boundary dR n of R n consists of a finite number of piecewise analytic Jordan curves. The sequence {R n }? is an exhaustion of R, i.e., R n dR n+1 and R = \J?R n Let g n (p, q) be the Green's kernel on R n , i.e., the mapping of
It is a positive singularity at q e R n and vanishes on dR n . Moreover it is symmetric, i.e., ( 6 ) g n (p, q) = g n (q, p)
on R n x R n (see ). Consider the kernel u n (p, q) on R n defined by
Since R e 0 θ , the increasing sequence {g n (p, q)}? diverges to + co. However for {u n (p, q)}, we obtain the following (cf. Tsuji [17] ):
n-*oo exists on R x R and is an l^-Evans' kernel. The convergence is uniform on K x {q} for all qeR and all compact sets K (zR -{q}.
Let qeR. By (c), there exists an integer n(q) such that
for every peR n . Therefore
for every peR n with n ^ n(q) and m = 1, 2, . Thus for an arbitrary fixed qeR, there exists a subsequence of {u n (p, g)}Γ which is uniformly convergent on each compact subset of R -{q}.
Let D be a countable dense subset of R. Using the diagonal process of Cantor, we can find a subsequence {n k }~= 1 of {w)Γ such that for every fixed qeD, {u %k {p, g)}£=i converges to a harmonic function, say e q (p), uniformly on each compact subset of R -{q}.
for every q e R n with n ^ n(p) and m = 1, 2,
. Fix k 0 with n ko n (p). Then {u njc (p, q) -u njc (p, q) 
which is a harmonic function on R -{p}.
Thus we conclude that (11) e(p, q) = lim u nk (p, q) exists for every {p, q)eR x R. Again by (10) , | e(p, q) -u %k {p, q) | < c(q). By Harnack's theorem, the convergence in (11) is uniform on K x {q} for every q e R and every compact set K c R -{q}. Since M«(PI q) = u n (q, p), e(p, q) clearly satisfies (d). In view of (11), (a) is clearly satisfied by e(p, q). From (9), it follows that
for every peR.
Since p(p, q) satisfies (3) and (4), e(p, q) also satisfies (b) and (c). Therefore e{p, q) is an L-Evans' kernel.
Finally we prove that (11) On the other hand, (12) is also true for e '(p, q) and thus
e(P, q) ~ e'(p, q) \ < 2c(q)
for every peR. Therefore p ->e(p, q) -e'(p, q) is a bounded harmonic function on R and consequently a constant a(q) (see ).
By the symmetry, q -* e(p, q) -e'(p, q) = a(q) is also a bounded harmonic function and so a(q) is a constant a, i.e., e(p 9 q) = β'(p, g) + α on i? x R. Since % Λ (p, g 0 ) = p(p, q 0 ), β(p, g 0 ) = e'(p, q 0 ) on i2 and thus a = 0. In particular e(p l5 g 2 ) = β'(^, q λ ), a contradiction. (c), p->E(p, q) is a bounded harmonic function on R, and so is q -> E(p, q). Similarly as above, we conclude that E(p, q) is a constant. 5* Joint continuity of Evans' kernel* From the potentialtheoretic view point, it is very important that the logarithmic kernel log (1/1 z -ζ I) is continuous on P x P = {(z, ζ) | | z |, | ζ | < + ^} in the extended sense. The joint continuity of Green's kernel is well known. We can also prove the corresponding fact for Evans' kernel: THEOREM 
Evans' kernel e(p, q) on R is jointly continuous, i.e., e is a continuous mapping of R x R onto (-oo, +oo].
Specifically, e(p, q) is finitely continuous on R x R outside the diagonal set, and for any relatively compact subsurface V czR, the decomposition
e
(p, q) = g v (p, q) + v v (p, q) is valid on V x V. Here g v is the Green's kernel on V and v r is a finitely continuous function on V x V.
We shall use Heins' device (Heins [3] ). Let q o eR and V be a relatively compact subsurface of R. We may assume that the relative boundary dV of V consists of a finite number of piecewise analytic Jordan curves. Assume that q 0 e V. Set (p, q) be the Green's kernel on R λ -{p\peR, e(p, q 0 ) > -λ} with a fixed q 0 e R. Then
uniformly on each compact set of R x R, i.e.,
By a similar manner as in the proof of Lemma 2, we can show that e'(p, q) = lim^oo (g λ (p, q) -X) exists on R x R and e'(p, q) is an Evans' kernel such that p -> e'(p, q) gives a positive singularity at oo equivalent to that of p -> e (p, q) . Moreover the convergence is uniform on K x {q} with an arbitrary q e R and an arbitrary compact set K czR -{q}. Since p->e(p, q) -e'(p, q) is bounded and harmonic on R, as in § 4, e(p, q) -e'(p, q) is a constant on R x R. Moreover e(p, q 0 ) = gχ{p, q 0 ) -λ = e'(p, q Q ) on R λ , and we conclude that e(p, q) = e\p, q) on R x R, i.e., the identity (20) is valid.
Let
Fix an arbitrary λ 0 > 0 and let λ > λ 0 . For an arbitrary fixed q e R λo , p -* w λ (p, q) is harmonic on R λ and for p e 3R λi w x (p, q) -(e(p, q) Nakai [7] ). By (25) and (26), we obtain
and in turn
for every (p, q) and (p', q') in R λQ x B λQ . From (27) and (28) (29) s(2, ζ) = i log (1 + e-2β( ' °>)(l + e -2β(^0) ) + φ, ζ) .
In view of this, the most natural generalization of the elliptic kernel to an arbitrary closed surface S is as follows: (30 Sario [12, 13, 14] constructed such a function (see also Nakai [8, 9] ). In our case, the formulas (30) and (31) enable us to prove (a)-(δ) quite rapidly.
The properties (β) and (7) are direct consequences of (30) and (31). For open S, (δ) is again an easy consequence of the very definition of s (p, q) and (14) . For closed S, we have only to consider the case where Ω is a parametric disk at co and a^Ώ. Observe that there is only one positive singularity g Ω (p, 00) at 00 up to the equivalence. Similarly as in the proof of (28) 
(p,q)β(S~V)X(S~V)
We have to show that A i > -°o(i = 1, 2, 3). In general, s(p, q) > e(p, q) > -c>o. Since e(p, q) is continuous on V x "P, Λ ^ min (3 ,,, ) 
